The topological properties of the tight-binding model on the breathing kagome lattice are studied. The lack of inversion centers on the bonds of the kagome lattice allows antisymmetric spin-orbit (SOC) coupling between nearest-neighbors. Interestingly, the system with such intrinsic SOC between nearest-neighbors hosts non-trivial topological phases, even without second-nearest-neighbor hopping. The energy spectrum of the tight-binding model on the kagome lattice has a dispersion-less band which can also become topological thanks to SOC.
I. INTRODUCTION
A series of theoretical predictions and experimental observations of topological band insulators (TBIs) have stimulated the emergence of a wide collection of topological quantum materials and topological phenomena [1, 2] . The topological phases are classified according to an invariant in the bulk, as was originally shown for the noninteracting integer quantum Hall effect [3] , whereas gapless excitations appears at the border between topologically distinct phases.
Time-reversal invariant nonmagnetic insulators have been shown to reveal a topological Z 2 classification which divides them into two categories described by the Z 2 topological invariant ν: trivial insulators (ν = 0), adiabatically connected to a trivial state, and "topological" insulators (ν = 1) that are not connected to a trivial state without a bulk gap closure [4, 5] . In two-dimensional (2D) systems, the ν = 1 states are characterized by an odd number of pairs of counterpropagating edge states on each edge.
In the original Kane-Mele model, intrinsically allowed spin-orbit coupling (SOC) between second nearestneighbor was shown to be essential to achieve a topological non-trivial phase [4] . In addition, both the inclusion of Rashba SOC, which breaks the reflection symmetry across the 2D plane, and of an inversion assymetric onsite potential drive the insulator in the trivial phase when sufficiently strong.
The topological properties of the tight-binding model on the kagome lattice have also been investigated in the past [6] [7] [8] [9] [10] [11] [12] . In particular, 2D organometallic topological insulators have been predicted for both the hexagonal and kagome lattices [12] [13] [14] [15] . Recently, coordination nanosheets with atomic thickness have been intensively studied both experimentally and theoretically because of their attractive physical and chemical properties [16] . The synthesis of such materials is an exciting way of potentially engineering new materials with non-trivial topological properties.
On the kagome lattice, unlike the honeycomb one, there is no inversion symmetry centered on the middle of the nearest-neighbor bonds. Hence, antisymmetric SOC is allowed between nearest-neighbors [17, 18] . Interestingly, the system with such intrinsic SOC between nearest-neighbors was shown to host non-trivial phases [9, 11, 12] . Moreover, the energy spectrum of the tight-binding model on the kagome lattice has an extra dispersion-less band which can also become topological thanks to SOC [9] .
Topological flat bands have been studied in the context of the fractional quantum Hall effect and topological flatband lattice models [11, [19] [20] [21] , and are an important feature of some TBIs.
In real materials, the mirror symmetry about the plane containing the 2D system is often not protected, resulting in Rashba SOC between nearest-neighbors, in addition to the intrinsic SOC. For instance, the breaking of the mirror symmetry can be caused by the interaction with a substrate, by buckling of the 2D material, or simply by an external electric field [14, 22] . In addition, inversion symmetry-breaking lattice trimerization (i.e., the breathing kagome lattice) can also be important for materials on the kagome lattice. In this article, we thus study systems with both types of SOC and with the lattice trimerization, which has never been done before. We show that the inclusion of Rashba SOC drives the system into a topological phase by itself, in contrast to graphene where it hinders the non-trivial phase. In addition, we show that the flat band is intrinsically topological, in a very robust way. We note that the trimerization term has already been considered in Ref. [9] , but only perturbatively, and not in combination with Rashba SOC.
Note that in this paper, we employ the term 'flat band' to refer to the (originally perfectly) flat band of the kagome lattice, even though, with the addition of SOC, it loses its perfect flatness. For moderate SOC, it is nevertheless still nearly flat.
The present paper is structured as follows. First, in Sec. II, we introduce the model considered. We then calculate the Z 2 topological index in Sec. III, and draw the full phase diagram considering nearest-neighbor SOC (intrinsic and Rashba) and lattice trimerization.
Subsequently, in Sec. IV, we consider the same model but for a system with ferromagnetically polarized spins, and derive an effective three-band tight-binding model. We calculate the Chern numbers of the three bands and draw the phase diagram accordingly.
Finally, we conclude in Sec. V.
II. MODEL
Let us consider the tight-binding model on the kagome lattice as depicted in Fig. 1 . The spin-independent Hamiltonian is written as
Rα↑ , c † Rα↓ ) with α ∈ {A, B, C} for the three sublattices. Here R labels the position of the unit cell composed of three sites forming an upward triangle, and a 1 = (−1/2, − √ 3/2), a 2 = (1, 0), and Fig. 1(a) ]. The trimerization of the lattice, corresponding to the breathing kagome lattice, is obtained by considering different hopping amplitudes on the two distinct sets of triangles: t = t 0 + δ for upward triangles and t ′ = t 0 − δ for downward triangles. Here δ is trimerization parameter, and (1) can be decomposed as
The SOC coupling is introduced as a spin-dependent hopping between nearest-neighbors. Furthermore, we assume that SOC hopping amplitudes are similarly affected by the trimerization of the lattice. The general nearestneighbor SOC Hamiltonian is
with λ = λ 0 + δ λ and λ
Here, σ = (σ x , σ y , σ z ) are the Pauli matrices and thed i 's are unit vectors which depend on the type of SOC considered. The intrinsic SOC (i.e., it respects all symmetries of the lattices including the mirror symmetry across the 2D plane) corresponds tô
. In a system breaking the mirror symmetry, we also have Rashba SOC with amplitudes denoted by λ = λ R = λ 0,R + δ λ,R and λ ′ = λ ′ R = λ 0,R −δ λ,R , which corresponds to in-planê d i 's perpendicular to their respective bonds, as depicted in Fig. 1(b) . We consider the general situation with both types of SOC, so that Here α is the angle between the 2D plane and thed i 's such that α = 0 corresponds to pure Rashba SOC and α = π/2 to pure intrinsic SOC:
where each hopping is accompanied by a spin rotation defined byt
After a Fourier transform c †
where N is the number of unit cells, we obtain the Bloch Hamiltonian H(k). In the (c † kA , c † kB , c † kC ) basis, the 6×6 matrix is
(8) Without SOC nor trimerization, the Hamiltonian (8) has three doubly degenerate bands: two pairs of dispersing bands similar to graphene with two Dirac points at K ± = (±4π/3, 0), and an additional pair of flat bands as shown in Fig. 2(a)(iii) .
A gap opens at the Dirac points when introducing either SOC or trimerization. However, the pair of flat bands does not open a gap from trimerization alone, but only when either type of SOC is introduced. We also note that the transformation φ → φ ± π is equivalent to t i → −t i and t ′ i → −t ′ i so that the topological properties at 1/3 filling with angle φ are the same than at 2/3 filling with angle φ ± π.
III. Z2 TOPOLOGICAL INVARIANT A. Results
First we briefly discuss the topology of the system with δ = 0. In this case, the system is invariant under inversion symmetry and the Z 2 topological invariant ν is easily obtained from the parity eigenvalues ξ 2m (Γ 1−4 ) of the 2m-th occupied bands with m = 1, 2, or 3 at the four time-reversal-invariant (T -invariant) points [23] . For the kagome lattice, the parity operator at the T -invariant points, which is spin-independent, is concisely written as 3 × 3 matrix,
where we chose the inversion center on an A-site so that P(
, and P(Γ 4 ) = (1, 1, −1). The Z 2 index for the m-th Kramers pair is given by (−1) νm = i ξ 2m (Γ i ) and, by explicitly calculating the wave functions of the Bloch Hamiltonian (8), we find that ν m = 1 for both the bottom and top pairs of bands independently of φ. Hence, the overall Z 2 index is always ν = 1 for both 1/3 and 2/3 filling (as long as the different Kramers pairs of bands are not touching). Most interestingly, this is not only true for the intrinsic SOC, but also for the Rashba SOC.
Motivated by this preliminary result, we show the full phase diagram in Fig. 3 as a function of both φ and the inversion symmetry-breaking δ for several values of α. The phase diagrams are plotted for α = 0 (pure Rashba), π/6, π/3, and π/2 (pure intrinsic) considering both 1/3 and 2/3 fillings. They were obtained by numerically calculating the number of zeroes of the Pfaffian
which is the method originally described by Kane and Mele [4] . Here T is the time-reversal operator, |u i (k) are the band wave functions, and i ranges over the filled bands. Due to the D 3 symmetry of the breathing kagome lattice, only zeroes along the high-symmetry [Γ − Γ 2 ] line segment (along which k y = 0) are relevant. We observed that the band-touchings happen at either k = K ± or k = Γ. All gap-closing-gap-opening transitions at the K ± Dirac points (which always happen simultaneously for both points) result in a change of the topological index. When φ = 0 or π, the pair of flat bands touches another dispersive pair of bands "quadratically" at k = Γ, but the topological index is not affected. Finally, in the unphysical case where t = −t ′ (or δ → ±∞), all six bands are degenerate at the Γ point and ν changes in a non-trivial way [24] .
B. Discussion
In the following, we derive effective Hamiltonians in two different limits to give some analytical insight to the phase diagram: (1) the λ 0 , δ ≪ t 0 limit (small SOC and trimerization) relevant at 1/3 filling, and (2) the t ′ ≪ t limit (close to full trimerization δ/t 0 = 1), relevant at 2/3 filling.
Small SOC and trimerization
The gap-closing-gap-opening behavior near the Dirac points, relevant at 1/3 filling, can be understood by considering the linearized Dirac Hamiltonian expanded around k = K ± . The effective Hamiltonian is obtained after a projection onto the subspace of the two pairs of bands forming the Dirac cones. For the trimerization and intrinsic SOC,
with v F = √ 3t 0 /2 and τ i , s i , and σ i (i ∈ {x, y, z}) are Pauli matrices which refer to the K ± valleys, spins, and bands (in a given basis), respectively. The constant term in Eq. (11) includes all terms independent of the σ i 's. A similar result has already been obtained in Ref. [9] . We see from Eq. (11) that the band at 1/3 filling becomes topological when |λ 0,i | > √ 3|δ|. For the λ 0,R Rashba term, we obtain no contribution coming out of this projection, which apparently contradicts what we observe numerically in Fig. 3 . However, in order to obtain Eq. (11), the projection was done on the eigenstates at the K ± points calculated without SOC and with δ = 0. Hence, it corresponds to a first order perturbation theory in H trim , H SO,i , and H SO,R . The first contribution from the Rashba SOC comes at second order (in λ 0,R and δ) and we find
where we can also write δ λ,R = λ 0,R δ/t 0 . Hence, Rashba SOC drives the system in topological phase by itself when λ 2 0,R > 6|δ t 0 | + O(δ 2 ). Both the linear and quadratic behaviors can be seen around the (δ/t 0 = 0, φ = 0) point in Fig. 3(h) and Fig. 3(e) , respectively.
The Hamiltonians (11) and (12) have a limitation: they do not tell anything about the topology of the flat bands. In particular, the gap opened at the Γ point is stable under the inclusion of δ, even when a gap closes at a Dirac point, as shown in Fig. 2(c) , which reflects the fact that δ by itself does not open a gap for the flat bands.
The full phase diagram reveals that the pair of flat bands is intrinsically topological.
As soon as the quadratic band touching at Γ is lifted, e.g., by an infinitesimally small SOC contribution, the now well- defined Z 2 index of the flat band is non-trivial until a band-closing-band-opening happens at K ± for large δ or λ 0 (in which case the bands are not flat anymore). Thus, the topological phase at 2/3 filling is very stable thanks to the flat bands and exists over a large range of values for δ. As opposed to the 1/3 filling case, an arbitrarily small SOC will gap the flat bands in a topological way independently of the strength of δ (as long as −1 < δ/t 0 < 1).
In Fig. 4 , we show the energy dispersion of a system with edges in theŷ direction for α = 0 (Rashba SOC), φ = 0.3π, and both δ = 0 (top) and δ = 0.2t 0 (bottom).
We clearly see the change in the edge states at 1/3 filling from the topological phase at δ = 0 to the trivial phase at δ = 0.2t 0 , while at 2/3 filling the phase stays topological. Interestingly, the phase is even more robust with Rashba SOC than with intrinsic SOC.
Fully trimerized limit
We now derive a second effective Hamiltonian for large δ, valid near the fully trimerized limit δ = t 0 , or t ′ = 0. We also assume small SOC, λ ≪ t.
The fully trimerized system consists of independent upward triangles. The now localized system has no energy dispersion, and the Hamiltonian is simply
where I 2 is the identity in spin space, so that there are two pairs of bands with energy E = t and one pair with energy E = −2t. The effective theory at 2/3 filling can thus be obtained by projecting the other Hamiltonians onto the subspace spanned by the E = t states. The dispersion comes from the small hopping t ′ between the nearly isolated triangles. Expanding H 1 with finite t ′ around K ± we obtain
where
, and the σ i Pauli matrices now refer to the two E = t bands (we have chosen two real eigenvectors of Eq. (13)). The intrinsic SOC on each trimer gives a gap term,
and the contribution from Rashba SOC only comes at second order in λ R and t ′ ,
where we can also write λ ′ R = λ R t ′ /t. When t ′ = 0, the completely localized system is obviously topologically trivial. This corresponds to the δ/t 0 = 1 lines in Fig. 3 . Then, for small t ′ , the previously E = t degenerate bands split in a topological manner as long as SOC is not too large. For small SOC and small t ′ , the phase boundary is given by Eqs. (14)- (16): the system is topological if |λ i | < √ 3|t ′ |/2 for pure intrinsic SOC, and λ 2 R < 3|t t ′ | for pure Rashba SOC. The linear and quadratic behavior can be seen around the (δ/t 0 = 1, φ = 0) point in Fig. 3(d) and Fig. 3(a) , respectively. For sizeable t ′ (or equivalently for a small δ), the system at 2/3 filling remains in a stable topological phase.
It is interesting to note that, effectively, the trimerized system at 2/3 filling can be seen as a two-band system on a triangular lattice. The non-trivial phase arises thanks to the complicated effective hopping Hamiltonian H 1 and the on-site two-band Hamiltonian obtained after projecting out the third pair of bands.
The effective model with, say, intrinsic SOC can be written on a triangular lattice (made of the original unit cells at positions R) as
The band dispersion of this effective model is shown in Fig. 5 near the band-closing-band-opening transition. Note that in the topological phase near the trimerized limit, there is no overall gap between the two pairs of band when including only linear terms in t ′ /t (the third band in Fig. 5 has exactly the same energy at k = K ± than the lower bands at k = Γ), but higher order terms in t ′ /t will gap the two pairs of band completely (i.e., there is a full gap in the full model with all bands).
Finally, we note that in the unphysical δ/t 0 / ∈ [−1, 1] situation (i.e., the trimerization results in hopping t and t ′ with different signs), we can still define the topological index, but the system is in a semi-metal phase with no overall gap, even in the full model.
IV. SPIN-POLARIZED SYSTEM
Let us finally consider a ferromagnetically ordered system where, on each site, the magnetic dipole points along the same unit vectorê = (sin Θ cos Φ, sin Θ sin Φ, cos Θ).
In the following, we show that the system can host nontrivial Chern numbers for the three bands, as shown in Ref. [25] for the δ = 0 case, and draw the resulting phase diagram for δ = 0 in Fig. 6 .
Such a constraint can be enforced in our system through the double-exchange model
where H is given in Eq. (4). The coupling to the localized magnetic moments (with A > 0) typically originates from Hund's coupling, but it could also originates from an onsite repulsion U , based on the Hubbard model at the mean field level. For large A, we effectively only keep the component of the spinor parallel toê, |χ + , such that we are left with a three-band model with effective hopping
We then define ϕ = ϕ 1 + ϕ 2 + ϕ 3 , and choose the gauge where
Furthermore, for the sake of simplicity, we only consider cases where |t
|, so that the C 3 symmetry is preserved. For intrinsic SOC, this is always the case and we have the relation tan(ϕ/3) = cos(Θ) tan(φ), so that ϕ is finite unlessê lies in the plane. For Rashba SOC, we can only have the C 3 symmetry for Θ = 0, π, in which cases t eff i = t cos(φ), and ϕ = 0. The results presented in the following are thus only directly relevant for a system with intrinsic SOC.
A. Results
Because of the C 3 symmetry, the gap-closing-gapopening transitions only happen at k = K + or k = K − , where a pair of bands forms Dirac cones. Additionally, when ϕ = 0 or π, the perfectly flat band touches one of the dispersive bands at k = Γ. In Fig. 6 , the different regions are delimited by lines in parameter space along which a pair of band are touching (calculated analytically). The three Chern numbers, one for each band, are indicated in the different regions. The Chern numbers in each region were calculated numerically using the algorithm described in Ref. [26] .
In the blue (orange) regions, the system only has a non-trivial Chern number at 1/3 (2/3) filling. In the grey regions, the system has a non-trivial Chern number at both 1/3 and 2/3 filling. Hatched regions of a given color correspond to Chern numbers with opposite values as compared to the non-hatched regions of the same color.
B. Discussion
In Ref. [25] , the same effective model with δ = 0 has already been studied. They have shown that unless ϕ = 0, π, the top and bottom bands have a finite Chern numbers. The same result is deduced from the δ = 0 line in Fig. 6 .
The effect of trimerization is very different for 1/3 and 2/3 filling because of the flat band, in a manner reminiscent of what we observed in Sec. III for the Z 2 index. At 1/3 filling, the system is topologically non-trivial in the grey and blues regions in Fig. 6 . For small SOC, a sufficient large δ (of the order of the SOC) will drive the system in a trivial phase, after a gap-closing-gap-opening transition at either K + or K − , as is usually the case for inversion-symmetry breaking terms in Chern insulators (e.g., for the Haldane model).
However, we see that the flat band stays topological in a large region around δ = 0 and ϕ = 0. Just like in Sec. III, its topological properties are very robust. Indeed, the system is topological at 2/3 filling in the orange and grey regions in Fig. 6 . As soon as there is an infinitesimally small SOC, lifting the degeneracy at k = Γ, the flat band hosts a non-trivial Chern number for any values of δ, except close to the fully-trimerized limit.
Finally, for Rashba SOC, we expect a similar robustness of the topology of the flat bands (as in Sec. III). However, we also expect a more complex phase diagram because of the lack of C 3 symmetry, and the additional potential gap-closing-gap-opening transitions. We do not explicitly calculate this phase diagram here, which would depend on extra parameters (the direction ofê), in addition to ϕ and δ.
V. CONCLUSION
In this paper, we investigated the topological properties of electrons on the (breathing) kagome lattice with symmetry-allowed SOC between nearest-neighbors. We drew several phase diagrams with respect to three parameters: trimerization, Rashba SOC, and intrinsic SOC.
We considered the topological phases associated with both the Z 2 index, in the original time-reversal invariant six-band model, and the Chern numbers, in an effective spin-polarized three-band model. Interestingly, the overall topological properties (i.e., the effects of the different parameters) are similar for those two models.
We showed that the effects of Rashba SOC and the inversion symmetry-breaking term (the trimerization) is different than what is usually expected (for instance in graphene).
We showed that the pair of flat bands (or the single flat band for the spin-polarized system) is intrinsically topological. As soon as the quadratic band touching at Γ is lifted, e.g., by an infinitesimally small SOC contribution, the now well-defined topological index of the flat bands is non-trivial until a band-closing-band-opening happens close to the fully-trimerized limit δ = t 0 . We stress that the flat bands are topologically very robust against the perturbation (here the trimerization), unlike the other dispersive bands.
In addition, the inclusion of Rashba SOC was shown to drive the system into a topological phase by itself, in contrast to graphene where it hinders the non-trivial phase.
Finally, because of the possibility to host a non-trivial topological phase close to the fully-trimerized system, we showed how the same topological phase could be obtained from a two-band system on a triangular lattice, which could be relevant for experimental implementations. 
